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Abstract. Using the Wigner distribution function, we analyze the behavior on phase
space of generalized coherent states associated with the Morse potential (Morse-
like coherent states). Within the f-deformed oscillator formalism, such states are
constructed by means of the two following definitions: i) as deformed displacement
operator coherent states (DOCSs) and ii) as deformed photon-added coherent states
(DPACSs).
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1. Introduction
The notion of coherent states is an important concept that comes from the study of the
quantum harmonic oscillator. It is a well-known fact that coherent states are the quan-
tum states which most closely resemble classical states. They were first introduced by
Schro¨dinger [1] who referred to them as states of the minimum uncertainty product, and
are such that when being subjected to a simple harmonic potential, they remain well lo-
calized around the corresponding classical trajectory and always preserve the minimum
uncertainty product for the position and momentum canonical variables. More than
three decades after Schro¨dinger’s idea, Glauber [2] showed that coherent states are also
useful for describing the quantum properties of the electromagnetic field. Since then,
such states have played a preponderant role in quantum optics both theoretically and
experimentally [3].
According to Glauber [2], the so-called field coherent states can be constructed
from any one of the following definitions: i) as eigenstates of the annihilation operator
operator aˆ of the harmonic oscillator, ii) as those states obtained by the application of
the displacement operator Dˆ(α) = exp(αaˆ†−α∗aˆ) upon the vacuum state, and iii) as the
quantum states that fulfill a minimum-uncertainty relationship. When one makes use
of the harmonic oscillator algebra, the same coherent states are obtained from the three
Glauber’s mathematical definitions. However, for potentials other than the harmonic
oscillator, each one of such definitions gives raise to different coherent states that may
possess nonclassical properties. In the literature, there has been a great deal of interest
in generalizing the concept of coherent states. A large number of proposals have arisen
from the dynamical point of view, by considering the underlying symmetry associated
to the system of interest, and those based on deformed or nonlinear algebras.
Among the most representative generalizations, based on dynamics, a class of
coherent states was constructed by Nieto and Simmons [4, 5, 6] for a number of systems,
applying a methodology introduced by themselves in order to look for states that would
imitate the classical motion in a given one-dimensional potential. They defined them as
those states that saturate a generalized uncertainty relation. Gazeau and Klauder [7]
proposed another class of coherent states for systems having a discrete and/or continuous
spectrum. Such states possess continuity of labeling, a resolution of unity, and temporal
stability.
As regards symmetry considerations, generalized coherent states for different Lie
groups have been introduced. For instance, coherent states of the SU(1,1) Lie group
were constructed by Barut and Girardelo [8] as eigenstates of the ladder operators. Puri
and Agarwal [9] also constructed coherent states of SU(1,1) defining them as minimum
uncertainty states, i.e., the so-called SU(1,1) intelligent coherent states. Independently,
Gilmore [10] and Perelomov [11] proposed a general algorithm to construct coherent
states of dynamical groups for a given quantum system; such states are defined in terms
of a displaced reference state.
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A novel algebraic generalization in terms of eigenstates of a deformed annihilation
operator for f-deformed oscillators was effected by Man’ko et al [12, 13]. It turns out that
the coherent states thus obtained, also called nonlinear coherent states or f-deformed
coherent states, display nonclassical properties like squeezing and anti-bunching effects;
that is why they are usually referred to as nonclassical states. In fact, it is worth point-
ing out that this class of states naturally emerges from the description of the quantized
center-of-mass motion of a laser-driven trapped ion (see [17] for more details).
In this work we are interested in studying the behavior on phase space of gener-
alized coherent states associated with the Morse potential (Morse-like coherent states)
considering just the bound part of the spectrum. To this end we will make use of the
phase-space description based upon the Wigner distribution function [18]. It is known
that, among many others properties, this mathematical tool provides a very good pic-
torial representation of the behavior of quantum states on phase space; for instance,
either spreading wave packets or negativities in the distribution function are indicators
of the nonclassical nature of the quantum system under consideration. To carry out
the construction of our coherent states, we will make use of the f-deformed oscillator
formalism developed by Man’ko and coworkers [12, 13]. One of the advantages of using
this formalism is that one is able to choose a deformation function in such a way that
the energy spectrum corresponding to our model Hamiltonian turns out to be essentially
the same to that of a Morse potential. The details about this issue will be given below.
The photon added coherent states (PACS) introduced by Agarwal and Tara [15] are
defined by the action (m times) of the creation operator upon the harmonic-oscillator
coherent state |α〉. These states exhibit nonclassical features like squeezing and sub-
Poissonian statistics. They were introduced as intermediate states between the purely
quantum Fock states and the coherent states. In the limit α→ 0 the state reduces to a
Fock state, in the limit m = 0 it reduces to a coherent state. If instead of using a co-
herent state |α〉 one uses a nonlinear coherent state, for instance the one constructed as
eigenstate of a deformed annihilation operator Aˆ = aˆf(nˆ), then the PANLCS (Photon
Added Non Linear Coherent States) would be defined by the application (m times) of
the deformed creation operator upon the Non linear coherent state [16].
This paper is organized as follows. In section 2 we construct our Morse-like coherent
states having in mind two kinds of generalization: (a) as those states obtained by the
application of a deformed displacement operator upon the ground state of the oscillator
(DOCSs) and (b) as deformed photon-added coherent states (DPACSs) constructed by
the iterative application of a deformed creation operator upon the states defined in
(a). Analytic expressions of the Wigner distribution function for the aforementioned
generalized coherent states are presented in section 3. In section 4 we plot some Wigner
functions and discuss their temporal behavior on phase space. Finally, the conclusions
are given in section 5.
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2. Algebraic Hamiltonian for the Morse potential and its coherent states
Firstly, let us introduce the one-dimensional Morse potential and their eigenfunctions.
Such a potential, as a function of the position x referred to the equilibrium point, is
usually written in the form [19]
V (x) = D
[
(1− e−βx)2 − 1
]
, (1)
where its depth D and its range β−1 are related to the corresponding spectroscopic data
of the molecule, i.e.,
D =
h¯ω2e
4ωeχe
, ωeχe =
β2h¯
2µ
, (2)
where, in turn, µ is the reduced mass of the molecule, and ωe and ωeχe are, respectively,
the harmonic and anharmonic spectroscopic parameters.
It is known that this potential possesses both a discrete and continuum spectrum,
however the discrete part will be the one of interest to us. The corresponding energy
spectrum is
En = h¯ωe(n+ 1/2)− h¯ωeχe(n+ 1/2)2. (3)
The bound wavefunctions associated with the potential (1) are given in terms of the
associated Laguerre polynomials [19]
〈x|N, n〉 = ψN,n(ξ(x)) = CN,ne−ξ/2ξN−nL2N−2nn (ξ), (4)
where 0 ≤ n ≤ N − 1, with N being the number of bound states, the normalization
constant is
CN,n =
√√√√ 2n!β(N − n)
Γ(2N − n+ 1) , (5)
and the Morse variable is defined as
ξ(x) = (2N + 1)e−βx. (6)
In accordance with the so-called f-deformed oscillator formalism introduced by
Man’ko group [12, 13], an f-deformed oscillator is a nonharmonic system characterized
by a Hamiltonian of the harmonic oscillator form
Hˆf =
h¯Ω
2
(Aˆ†Aˆ+ AˆAˆ†), (7)
where the deformed boson creation and annihilation operators Aˆ† and Aˆ are obtained
by deforming the harmonic oscillator operators aˆ and aˆ† in such a way that
Aˆ = aˆf(nˆ) = f(nˆ+ 1)aˆ, and Aˆ† = f(nˆ)aˆ† = aˆ†f(nˆ+ 1), (8)
where nˆ = aˆ†aˆ is the usual number operator and the operator function f(nˆ), which is
assumed to be real (i.e., for real argument x its value f(x) is also real), is a deformation
function depending on the level of excitation.
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The f-deformed oscillators can be construed as nonlinear oscillators whose
nonlinearity is determined by the number-depending function f , while the operators
Aˆ and Aˆ† are considered to represent the dynamical variables associated with this class
of quantum systems [14]. The deformed operators have the following effect on the
number operator basis |n〉:
Aˆ|n〉 = f(n)√n|n− 1〉, (9)
Aˆ†|n〉 = f(n+ 1)√n+ 1|n+ 1〉. (10)
As we can see, these operators change the number of quanta in ±1 and their matrix
elements are modified through the deformation function f(nˆ).
It follows from the non-canonical transformation (8), together with the
commutation relation [aˆ, aˆ†] = 1, that the deformed Hamiltonian can be rewritten in
another convenient form as
Hˆf =
h¯Ω
2
((nˆ+ 1)f 2(nˆ+ 1) + nˆf 2(nˆ)). (11)
In addition to this, it turns out that the set of operators {Aˆ†, Aˆ, nˆ} obeys the
commutation relations
[Aˆ†, nˆ] = −Aˆ†, [Aˆ, n] = Aˆ, (12)
and
[Aˆ, Aˆ†] = (nˆ+ 1)f 2(nˆ+ 1)− nˆf 2(nˆ), (13)
where, depending on the explicit form of the deformation, the commutator of Aˆ and Aˆ†
may become a rather complicated function of the number operator.
It can be easily seen that in the limit f(nˆ) = 1 one regains the harmonic oscillator
algebra. On the other hand, and most importantly, by choosing conveniently the
deformation function f , it may be possible to reproduce, with the help of the deformed
Hamiltonian defined in (11), the energy spectrum of the particular system under
consideration. In the following we shall employ Eq. (11) as an algebraic Hamiltonian
in order to describe the Morse potential, and based on this algebraic formalism we shall
construct our Morse-like coherent states.
2.1. Deformed displacement operator coherent states
It was shown in Ref. [20] that by choosing the deformation function
f 2(nˆ) = 1− χanˆ, (14)
with an anharmonicity parameter χa = 1/(2N + 1), the deformed Hamiltonian (11)
turns out to be
HˆD = h¯Ω
[
nˆ+
1
2
− χa
(
nˆ+
1
2
)2
− χa
4
]
, (15)
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whose spectrum is essentially the same, apart from an unimportant constant term, as
that of a Morse oscillator (see Eq. (3)). By comparing Eqs. (3) and (15) one can infer
the relations ωe = Ω and χe = χa.
Given that we know the deformation function, the commutation relations for the
deformed operators are explicitly given by
[Aˆ, nˆ] = Aˆ, [Aˆ†, nˆ] = −Aˆ†, [Aˆ, Aˆ†] = 1− χa(2nˆ+ 1). (16)
For this particular choice of f(nˆ) the action of the deformed operators upon the
energy eigenstates basis of the Hamiltonian (15), namely,
Aˆ|n〉 =
√
n(1− χan)|n− 1〉,
Aˆ†|n〉 =
√
(n+ 1)(1− χa(n+ 1))|n+ 1〉, (17)
is exactly the same as that of the actual lowering and raising operators upon the
corresponding Morse wave functions (4) (see Ref. [21] for more details), i.e.,
bˆψN,n(ξ) =
√
n
(
1− 1
2N + 1
n
)
ψN,n−1(ξ),
bˆ†ψN,n(ξ) =
√
(n+ 1)
(
1− 1
2N + 1
(n+ 1)
)
ψN,n+1(ξ), (18)
where the ladder operators bˆ, bˆ† were obtained by means of traditional factorization
methods, and whose differential form is given in terms of the Morse variable ξ(x) as:
bˆ = −
[
d
dξ
(2s+ 1)− 1
ξ
s(2s+ 1) +N +
1
2
]√
s+ 1
s(2N + 1)
,
bˆ† =
[
d
dξ
(2s− 1) + 1
ξ
s(2s− 1)−N − 1
2
]√
s− 1
s(2N + 1)
,
with s = N − n. Furthermore, the commutator between these operators,
[bˆ, bˆ†] =
2N − 2nˆ
2N + 1
, (19)
is the same commutation relation we found for the deformed ones in (16), providing the
number operator is defined as nˆψN,n(ξ) = nψN,n(ξ).
This equivalence between the standard factorization and the deformed operator
methods has also been highlighted in Ref. [22] for systems having an infinite discrete
spectrum, such as the trigonometric Po¨schl-Teller potential and the pseudoharmonic
oscillator, where it was shown that starting from any one of the algebraic methods
mentioned above, one is able to construct coherent states with identical structures. In-
deed, such results reinforce the meaning of ascribing to the deformed operators as those
actual dynamical variables associated with the system under consideration and, partic-
ularly, the meaning of the deformed Hamiltonian (15) as that of a Morse-like oscillator,
provided we confine ourselves to the first N bound states |0〉 . . . |N − 1〉 of the Morse
potential.
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In similarity to harmonic oscillator coherent states (also known as field coherent
states), we propose to construct our coherent states by application of a unitary
displacement operator of the form
Dˆf (α) = exp(αAˆ
† − α∗Aˆ) (20)
to the fundamental state of the system, with α being a complex parameter. The
above operator can be thought of as a generalization of the usual displacement op-
erator Dˆ(α) = exp(αaˆ†−α∗aˆ), where the harmonic ladder operators aˆ† and aˆ have been
replaced by the deformed ones defined in (8). Based on this idea, generalized coherent
states for the Morse potential were also constructed in Ref. [23] by means of an ap-
proximate version of the deformed displacement operator in which the number operator
is replaced by an average value, i.e, nˆ → 〈α|nˆ|α〉 ≡ n¯. Hence the disentanglement
problem of the exponential (20) was circumvented by applying standard mathematical
techniques, since in such a case the commutator between Aˆ and Aˆ† is a function of n¯,
which is obviously no longer an operator. However, the displacement operator thus ob-
tained turned out to be approximately unitary depending on the value of the parameter
α. In this work we proceed in a different way by considering the fact that the f-deformed
algebra associated with the Morse potential lends itself to a Lie algebraic treatment.
When referring to (16), it is clear that the set of operators {Aˆ, Aˆ†, nˆ, 1} forms a
Lie algebra, thereby the deformed displacement operator can be disentangled as follows
[24, 25]
Dˆf (α) = exp(αAˆ
† − α∗Aˆ)
= exp
(
ζ
Aˆ†√
χa
)(
1
1 + |ζ|2
)g(χanˆ)/2χa
exp
(
−ζ∗ Aˆ√
χa
)
, (21)
where, for a given value of α = |α|eiϕ, we have introduced the new complex parameter
ζ = eiϕ tan(|α|√χa), and g(χanˆ) = [Aˆ, Aˆ†].
Therefore, we define our Morse-like nonlinear coherent state by applying the above
deformed displacement operator upon the oscillator ground state, which gives
|ζ〉 ≡ Dˆ(ζ(α))|0〉 =
(
1
1 + |ζ|2
) (1−χa)
2χa
exp
(
ζ
Aˆ†√
χa
)
|0〉, (22)
=
(
1
1 + |ζ|2
) (1−χa)
2χa
(
N−1∑
n=0
ζn√
χna
Aˆ†n
n!
+
∞∑
n=N
ζn√
χna
Aˆ†n
n!
)
|0〉
≈
(
1
1 + |ζ|2
) (1−χa)
2χa N−1∑
n=0
ζn√
χna
f(n)!√
n!
|n〉. (23)
It is important to note the last approximation above comes from the fact that we are
taking into account just the N bound states of the potential. Then, on substitution of
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the explicit form of f(n)!, namely,
f(n)! = f(1)f(2) · · · f(n) =
√√√√ (2N)!
(2N + 1)n(2N − n)! , (24)
into Eq. (23) we finally obtain the nonlinear coherent state
|ζ〉 =
N−1∑
n=0
(
2N
n
)1/2
ζn
(1 + |ζ|2)N |n〉, (25)
where
(
2N
n
)
= (2N)!
n!(2N−n)! . It is important to stress that since the summation is finite,
these states cannot be considered as a complete set of states; in this sense they are only
approximately coherent. This issue is more evident insofar as the absolute value of the
ζ paramater in (25) increases for a fixed number of bound states, since in such a case
the influence of the continuum becomes more significant and, under this circumstance,
where a complete basis would be essential, the dissociation of the molecule may take
place. Hence, considering only the low-lying region of the spectrum explains why our
states are only approximate. On the other hand, one can also see in the limit N →∞
(or equivalently in the limit of χa going to zero) they contract to Glauber’s coherent
states |α〉 = e−|α|2/2∑∞n αn√n! |n〉. From now on, we will call the states given in (25) the
deformed Displacement Operator Coherent States (DOCSs).
The coherent states we have obtained for the particular case of a Morse potential
given by (25) have an algebraic structure that resembles to that of the Binomial States
(BS) introduced by Stoler et al [26]. However, the BS are defined by the condition that
the probability density is binomial. In our case the specific form of the state depends on
the deformation function used to define the deformed Hamiltonian and the probability
density from these states is, in general, not binomial. In this sense, our coherent states
have no relationship with the Binomial ones.
On the other hand, due to the close correspondence between the commutation re-
lations for the deformed operators (16) and those for the generators of the SU(2) group
[27], from a purely algebraic point of view the DOCSs defined here are very similar to
the so-called SU(2) or spin coherent states [28]; the main difference between them being,
without mentioning they belong to different contexts, the lack of completeness of our
states.
Formerly, using the f-deformed algebra, in Ref. [29] Morse-like coherent states
were proposed as approximate eigenstates of the deformed annihilation operator. The
nonclassical properties of even and odd combinations of these states (i.e., Schro¨dinger-
cat-like states) were also analyzed. For these states, a more detailed discussion about
the temporal evolution of their dispersion relationships, with the help of a convenient
algebraic representation of the coordinate and momentum variables in terms of the f-
deformed operators, can be found in Ref. [30]. For the same system, it is also important
to mention the generalized coherent states a` la Klauder [31] introduced by Angelova and
Hussin [32], which turned out to be, as well, approximate coherent states inside the con-
fining region of the potential. Using the Gazeau-Klauder formalism [7], in Ref. [33, 34]
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coherent states corresponding to the Morse potential and some of their properties were
also examined. What is more, it was proposed in [35] that both the Klauder and, in
some special cases, the Gazeau-Klauder coherent states can be constructed within the
f-deformed oscillator formalism by choosing an appropriate deformation function (all
of them described as a superposition of energy eigenstates of the corresponding quan-
tum system) and, therefore, classified as nonlinear coherent states (more specifically, as
deformed annihilation operator eigenstates). A more sophisticated approach was un-
dertaken in Ref. [36] from the viewpoint of supersymmetric quantum mechanics (SUSY
QM) so as to describe the Morse potential and obtain its coherent states, the last ones
being expressed in terms of a special basis known as the basis of the pseudo-number-
states, for which the Hamiltonian is tridiagonal. However, in this regard we consider
that it is much easier to carry out the factorization (7) within the f-deformed oscillator
formalism.
More recently, in Ref. [37] the displacement operator method allowed us to
construct explicit expressions of nonlinear coherent states for two different systems,
namely, the modified and the trigonometric Po¨schl-Teller potentials; the former
supporting a finite number of bound states and the latter supporting an infinite number
of bound states. In addition, a generalization in terms of eigenstates of the deformed
annihilation operator was also proposed for each potential. The coherent states thus
obtained displayed nonclassical features such as squeezing and, depending on the type
of generalization employed, sub-Poissonian statistics.
2.2. Deformed photon-added coherent states
Another interesting class of nonclassical states is known as the set of photon-added
states, i.e., those states of the form
|φ,m〉 = Nmaˆ†m|φ〉, (26)
where |φ〉 is an arbitrary state, aˆ† is the standard creation operator, and m is taken to
be a non-negative integer (the number of added quanta). When the initial state |φ〉 is a
harmonic oscillator coherente state, we obtain the (PACS) introduced by Agarwal and
Tara [15]. Much work has been devoted to the study of these states, both in their non-
classical properties (see for instance [38] and the references given there) and in putting
forward possible schemes for their experimental realization [39, 40, 41]. Besides, some
interest has been also focussed on the study of their possible generalizations by consid-
ering systems other than the harmonic oscillator [16, 42, 43].
Photon added coherent states (PACS) can be explicitly written as follows:
|α,m〉 = e
−|α|2/2
[Lm(−|α|2)m!]1/2
∞∑
n=0
αn
√
(n+m)!
n!
|n+m〉, (27)
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where Lm(x) stands for the Laguerre polynomial of mth-order. It is known that these
states display nonclassical properties such as squeezing and sub-Poissonian statistics.
In Ref. [16], within the f-deformed oscillator formalism, the so-called deformed
photon added nonlinear coherent states (DPANCSs) were introduced by using the
definition
|α, f,m〉 = Nmα Aˆ†m|α, f〉, (28)
where, unlike the harmonic case, these states are constructed by applying iteratively
the deformed creation operator Aˆ† upon an initial state that is considered to be an
eigenstate of the deformed annihilation operator Aˆ.
Inspired by the above-mentioned studies we propose another way to generalize the
photon added coherent states, and that is to build them by the iterative application of
the deformed creation operator upon the DOCS given by Eq. (25), that is,
|ζ,m〉 = Cζ,mAˆ†mDˆ(ζ)|0〉
= Cζ,mAˆ
†m|ζ〉. (29)
More explicitly, our deformed photon added coherent states (DPACSs) for the Morse
potential take the following form
|ζ,m〉 = Cζ,m
(1 + |ζ|2)N
N−1−m∑
n=0
(
2N
n+m
)1/2
(n+m)!
n!
ζn|n+m〉, (30)
where the normalization factor is given by
Cζ,m = (1 + |ζ|2)N
N−1−m∑
n=0
(
2N
n+m
)(
(n+m)!
n!
)2
|ζ|2n
−1/2 . (31)
Again, since we are dealing with a potential having a finite number of bound states, the
summation in (30) must end at n = N − 1−m.
3. The Wigner function of Morse-like coherent states
We are now in a position to proceed to the calculation of the Wigner function of the
states |ζ〉 and |ζ,m〉. First of all, we start by recalling that if a system is in the state
φ(x), the Wigner distribution function, in terms of position-space wavefunctions, is
defined as [18]
W (x, p, t) =
1
2pih¯
∫ ∞
−∞
e−ipy/h¯φ∗(x− y/2, t)φ(x+ y/2, t)dy, (32)
where x and p are simply variables of position and momentum, respectively, and have
no operator properties.
In virtue of the set of relations (17) and (18), let us identify the number states
{|n〉} in (25) with the Morse eigenfunctions ψN,n(x) given in (4), in order that the wave
function corresponding to the nonlinear coherent states |ζ〉 might be
Ψζ(x) =
N−1∑
n=0
(
2N
n
)1/2
ζn
(1 + |ζ|2)N ψN,n(x). (33)
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This identification is essential if one wants to give an account of the influence of
potential’s asymmetric profile in phase space (as it will be seen below in section of
numerical results).
So, substitution of (33) in (32) gives
Wζ(x, p) =
1
2pih¯
∫ ∞
−∞
e−ipy/h¯Ψ∗ζ(x− y/2)Ψζ(x+ y/2)dy (34)
=
1
2pih¯(1 + |ζ|2)2N
N−1∑
n,k
(
2N
n
)1/2(
2N
k
)1/2
ζnζ∗k ×
×
∫ ∞
−∞
e−ipy/h¯ψ∗N,k(x− y/2)ψN,n(x+ y/2)dy.
As in Ref. [44], where the authors studied the Wigner function of bound eigenstates
for the Morse potential, in order to calculate the last integral in (34) it is convenient
to use the Morse variable (6) together with the change of variable u = eβy/2. Thus, on
substituting (4) into (34), we obtain:
Wζ(x, p) =
1
pih¯β(1 + |ζ|2)2N
N−1∑
n,k
(
2N
n
)1/2(
2N
k
)1/2
ζnζ∗kCN,nCN,kξ2N−n−k (35)
×
∫ ∞
0
exp
[
−ξ
2
(
u+
1
u
)]
L2N−2kk (ξu)L
2N−2n
n (ξu
−1)un−k−1−2ip/h¯βdu.
Then, if we express the associated Laguerre polynomials in terms of their finite series
Lkn(x) =
n∑
m=0
(−1)m
(
n+ k
n−m
)
xm
m!
, (36)
it is possible to integrate Eq.(35), using Eq. (3.471.9) in Ref. [45], that is∫ ∞
0
xν−1 exp
(
−β
x
− γx
)
dx = 2
(
β
γ
)ν/2
Kν(2
√
βγ),
to get the final result
Wζ(x, p) =
2
piβh¯(1 + |ζ|2)2N
N−1∑
n,k=0
(
2N
n
)1/2(
2N
k
)1/2
ζ∗kζn (37)
× CN,nCN,kξ2N−n−k
k∑
r=0
n∑
s=0
(
2N − k
k − r
)(
2N − n
n− s
)
× (−ξ(x))
r+s
r!s!
Kr+n−(s+k)−2ip/h¯β(ξ(x)),
whereKν(ξ) are the modified Bessel functions of the third kind. We have thus gotten the
corresponding Wigner function of the DOCSs for a potential having N−1 bound states.
In a similar manner it is possible to determine the distribution function corresponding
to the DPACSs defined in Eq. (30). The result is:
Wζ,m(x, p) =
2C2ζ,m
piβh¯(1 + |ζ|2)2N
N−1−m∑
n,k=0
(
2N
n+m
)1/2(
2N
k +m
)1/2
(n+m)!
n!
(k +m)!
k!
ζ∗kζn
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× CN,n+mCN,k+mξ2N−2m−n−k
k+m∑
r=0
n+m∑
s=0
(
2N − k −m
k +m− r
)(
2N − n−m
n+m− s
)
× (−ξ(x))
r+s
r!s!
Kr+n−(s+k)−2ip/h¯β(ξ(x)). (38)
In the case of ζ = 0 the last expression is nothing but the Wigner distribution function
for the bound eigenstates of the Morse potential calculated by Frank et al [44], that is,
W0,m(x, p) =
4m!(N −m)
pih¯Γ(2N −m+ 1)ξ
2N−2m
m∑
r=0
m∑
s=0
(
2N −m
m− r
)(
2N −m
m− s
)
× (−ξ(x))
r+s
r!s!
Kr−s−2ip/h¯β(ξ(x)). (39)
In particular, for m = 0, it is easy to see from this expression that the Wigner function
of the ground state takes the form
W0,0(x, p) =
2
pih¯Γ(2N)
ξ2NK−2ip/βh¯(ξ(x)). (40)
This result is also found in Ref. [44] as expected.
In what follows we shall employ the results so far obtained in order to compute and
examine the behavior of the Wigner functions of our Morse-like coherent states. From
now on we set h¯ = Ω = µ = 1 for simplicity.
4. Numerical results
The contour plot of the Wigner functions corresponding to the DOCSs from Eq. (37)
for 〈nˆ〉 = 0 and 〈nˆ〉 = 0.25 are shown in Figs. 1 (a) and (b), respectively, for a Morse
potential having N = 10 (χa ≈ 0.05) bound states. The phase space distribution in (a)
is no longer gaussian in form, unlike the harmonic oscillator case where the contour plot
of the Wigner function shows concentric circles; it appears slightly squeezed in the x
direction. In (b) we see that the Wigner function for the DOCS with 〈nˆ〉 = 0.25 appears
to be slightly squeezed in the p direction and much more elongated in the x direction.
The temporal evolution of the Wigner function is shown in Fig. (2). By application
of the time evolution operator Uˆ(t) = e−iHˆf t/h¯ upon the coherent state at t = 0 using
the deformed Hamiltonian given by (15) we get the coherent state at time t,
|ζ(t)〉 = Uˆ(t)|ζ(0)〉 = e−iΩt(nˆ+1/2−(nˆ+1/2)2χa−χa/4)|ζ(0)〉, (41)
where the initial state |ζ(0)〉 is given by (25). We calculated the phase space distri-
bution for different times t = τ/4, τ/2, 3τ/4 and τ ; τ = 2pi/Ωχa being an estimated
period for which the phase-space distribution approaches that in Fig. 1 (b). Then, as
time elapses, say t = τ/4, we see that due to the quadratic term appearing in the time
evolution operator the Wigner function acquires negative values (see dark area in Fig. 2
(a)) which means that the nonlinear coherent state presents a nonclassical conduct. At
t = τ/2 (see Fig. 2 (b)), on account of the potential’s barrier for x < 0, it is observed
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Figure 1. Contour plots of the Wigner functions of (a) the ground state |ζ = 0〉,
〈nˆ〉 = 0, and (b) the coherent state |ζ〉, 〈nˆ〉 = 0.25, corresponding to a Morse potential
with N = 10 bound states. The abscissa is the position x and the ordinate is the
momentum p. Bright color corresponds to large values of W (x, p).
that the distribution appears highly squeezed in the x direction and consequently more
elongated in the p direction. The Wigner function at t = 3τ/4 (see Fig. 2 (c)) represents
the reflected image, with respect the x axis, of that in Fig. 2 (a). Finally, our coherent
state regains its initial distribution after a time interval of t ≈ τ . Such a behavior
repeats itself periodically.
Next, we show in Fig. 3 the phase-space distribution of the DPACSs with the help
of the Wigner function (38). In the same figure it is also shown the occupation number
distribution, P (n) = |〈n|ζ,m〉|2, as a function of n for different values of m, where one
can see those anharmonic excitations that play an important role in the construction
and/or evolution of our deformed photon-added coherent states. Once again, for the
sake of comparison, we have taken into account a potential with N = 10 bound states
and the ζ parameter is taken to be a constant whose value corresponds to an average
〈nˆ〉 = 0.25.
It is clear that in the expansion of the DPACSs |ζ,m〉 in terms of number states |n〉
the states |0〉, |1〉,. . . , |m − 1〉 do not contribute to the summation. This is illustrated
in Figs. 3 (a), (c) and (e) for m = 1, 2 and 3, respectively. For the case of m = 1, i.e.,
in the absence of the ground state, the Wigner function displays a distribution whose
form (see Fig. 3 (b)) is somewhat different to the one exhibited in Fig. 1 (b). The
former, in comparison with the latter, takes negative values being represented by the
dark area in Fig. 3 (b). Clearly, this is already a signature of the nonclassical nature
of our photon-added coherent states. The loss of classicality of these states seems to be
more evident as m increases, say m = 2 and 3, as one can see from Figs. 3 (d) and (f).
One can also see that not only does the Wigner function take negative values, but it
also appears to be more elongated towards the x direction. This implies that with the
increase of m, the uncertainty of the associated position-space wavefunction becomes
larger. From Figs. 3 (a), (c) and (e), note that we have concentrated our attention on
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Figure 2. Temporal evolution of the Wigner function of the coherent state |ζ(t)〉 =
UˆD(t)|ζ(0)〉, for 〈nˆ〉 = 0.25, corresponding to a Morse potential with N = 10 bound
states. Frames (a)-(d) correspond to time instants t = τ/4, τ/2, 3τ/4 and τ ,
respectively. The abscissa is the position x and the ordinate is the momentum p.
those energy regions where the contribution of the continuum can be neglected.
Let us finally examine the dynamics of the Wigner function for the DPACSs that
is displayed in Fig. 4. For this task, when referring to Eq. (41), we have chosen as
initial state |ζ(0)〉 the one defined by Eq. (30) provided that m = 1, that is, the same
state as that represented in Fig. 3 (b). So then, the frames 4(a) to (f) correspond to
contour plots of the Wigner distribution function at t = τ/8, τ/4, 3τ/8, 7τ/16, τ/2
and τ , respectively. It is evident that, as time elapses, the results of the photon-added
case are not the same as those of the deformed displacement operator coherent states.
We found that the quadratic term of the time evolution operator, in conjunction with
the photon-added effect, leads to a fast spreading of state’s phase space distribution. A
couple of deformed hills are barely discerned for the first time instants t = τ/8, τ/4,
3τ/8 and 7τ/16, one of those being much smaller than the other one (see bright area
in Figs. 4(a)-(d)). At t = τ/2 (Fig. 4 (e)), due to potential’s barrier effect, the state
is not quite refocused into a single component like that at t = 0. The initial state is
completely regained after a time t = τ (see Fig. 4 (f)).
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Figure 3. Occupation number distributions (frames (a), (c) and (e)) and the
corresponding contour plots of the Wigner function (frames (b), (d) and (f)) of
deformed photon added coherent states (DPACSs) for m = 1, 2 and 3. The
dimensionless coordinate x and momentum p are depicted by the abscissa and the
ordinate, respectively. Dark areas correspond to negative values of W (x, p) and bright
areas correspond to positive values.
5. Conclusions
In this work we have analyzed coherent states for the Morse potential (Morse-like
coherent states) and examined their behavior in the phase space from the viewpoint
of the Wigner distribution function. More specifically, using the f-deformed oscillator
formalism, such states were constructed considering two types of generalization, as
deformed displacement operator coherent states (DOCSs) and as deformed photon added
coherent states (DPACSs). For the states thus constructed, analytical expressions
of their Wigner functions were also obtained. The analysis based upon the above-
mentioned distribution function revealed the following results: (i) After applying the
deformed displacement operator on the ground state of the system, the resulting
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Figure 4. Evolution of the Wigner function of a deformed photon added coherent
state with m = 1. Frames (a) to (f) correspond to time instants t = τ/8, τ/4, 3τ/8,
7τ/16, τ/2 and τ , respectively. Dark areas correspond to negative values of W (x, p)
and bright areas correspond to positive values.
coherent states (DOCSs) can be considered as a well-localized states on phase space;
however, they will unavoidable be influenced by the nonlinearity of the Hamiltonian
at certain stages of their evolution, whereby such states turn out to be, in general,
nonclassical states. (ii) The DPACSs exhibit a nonclassical behavior all the time. Both
the photon-added effect and the quadratic term in the time evolution operator lead to
a noticeable spreading of the states’ phase space distribution. Indeed, it is found that
the larger the number of added quanta m is, the more evident the loss of classicality of
these states is.
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